In this paper we find the number of classes of conjugate π -Hall subgroups in all finite almost simple groups. We also complete the classification of π -Hall subgroups in finite simple groups and correct some mistakes from our previous paper.
Now assume that π = {2, 3} and X = SL 3 (2) . Then (G) denotes the π -radical of G, i.e., the largest normal π -subgroup of G, while O π (G) denotes the subgroup of G generated by all π -element. We write m n if a real number m is not greater than n, while we use notations H G and H P G instead of "H is a subgroup of G" and "H is a normal subgroup of G", respectively. If r is an odd prime and q is a positive integer coprime to r, then e(q, r) denotes a multiplicative order of q modulo r, that is a minimal natural number m with q m ≡ 1 (mod r). If q is an odd positive integer, then e(q, 2) = 1 if q ≡ 1 (mod 4), 2 if q ≡ −1 (mod 4) .
For a group G we denote by Aut(G), Inn(G), and Out(G) the groups of all, inner, and outer automorphisms of G, respectively.
A finite group G is called π -separable, if G possesses a subnormal series such that each factor of the series is either a π -or a π -group. It is clear that every π -separable group possesses a normal series 1 = G 0 ¡ G 1 ¡ · · · ¡ G k = G such that each factor of the series is either a π -or a π -group.
Clearly we may assume that G i is invariant under Aut(G) for all i.
In Lemma 2.1 we collect some known facts about Hall subgroups in finite groups. Most of the results mentioned in Lemma 2.1 are known and we just give hints of their proofs. [28, Theorem 4.3 and Corollary 4.4] , [29] .) Let 
Lemma 2.1. Let G be a finite group, A a normal subgroup of G. (a) For H ∈ Hall π (G), we have H ∩ A ∈ Hall π (A) and H A/ A ∈ Hall π (G/A), in particular Hall
Proof. By Lemmas 2.1(f) and 2.3(C) we may assume k π (L) 1, i .e., L ∈ E π . In view of Lemma 2.1(f) we may assume that Z (A) = 1, i.e., A = L 1 × · · · × L n and G = L M. Assume that H, K ∈ Hall π (G). for every i = 1, . . . ,n. (1) Assume that H = K g for some G ∈ G. Condition π(M) ⊆ π implies H A = K A = G. So we may suppose g ∈ A and g = g 1 . . . g n , where 
we have (H 
Suppose that 2, 3 ∈ π , Sym n ∈ E π , and 3) and n is even,
1,
if q ≡ −η (mod 3) and n is odd;
Corollary 2.8. Let q be an odd rational integer. Then the following identities hold. . Then the inequality ((
Proof. Note that
To every number r · k we put into correspondence the number (q 2k(r−1) − 1). Then
So the following inequalities
hold, whence the lemma follows. P For linear algebraic groups our notation agrees with that of [13] . For finite groups of Lie type we use the notation from [2] [19] . In order to make uniform statements and arguments we use the following notations GL
In this paper we consider groups of Lie type with the base field F q of odd characteristic p and order q = p α , and we fix the symbols p and q for this purposes.
We always choose ε(q) ∈ {+1, −1} (usually we write just ε, since q is fixed by the choice of G) so that q ≡ ε(q) (mod 4), i.e, ε(q) = (−1) (q−1)/2 . The same symbol ε(q) is used to denote the sign of ε(q). Following [19] , by O η n (q) we denote the general orthogonal group of degree n and of sign η ∈ {•, +, −} over F q , while the symbol GO η n (q) denotes the group of similarities. Here • is an empty symbol, and we use it only if n is odd. By η we always mean an element from the set {•, +, −}, and if η ∈ {+, −}, then we use η instead of η1 as well. In classical groups the symbol P will also denote the reduction modulo scalars. Thus for every subgroup H of GL n (q) the image of H in PGL n (q) is denoted by PH .
n (q)} be a general classical group over a field of odd characteristic p. Let V be the natural module for I of dimension n over a field either of order q or of order q 2 if I = GU n (q). In all cases we say that F q is the base field for V . Assume that V is equipped with the corresponding form (trivial for GL n (q), unitary for GU n (q), skew-symmetric for Sp n (q), and symmetric for O η n (q)). Then I can be identified in a natural way with the (general) group of isometries of V . We set also In our arguments we use the classification of subgroups of odd index in finite simple groups obtained by M.W. Liebeck and J. Saxl [20] and independently by W.M. Kantor [16] . A more detailed description of subgroups of odd index in the finite simple classical groups is obtained by N.V. Maslova in [21, Theorem 1] and for classical groups we refer to this description. Since [21] is published in Russian, we cite the main theorem from this paper here.
Assume that n is a positive integer and α 0 · 2 0 + α 1 · 2 1 + · · ·, where α i ∈ {0, 1}, is the 2-adic expansion of n (for our purposes we assume that this expansion is infinite, but only finitely many coefficients are not equal to 0). Define ψ(n) = (α 0 , α 1 , . . .). Let be a linear order on {0, 1} such that 1 0. We say that ψ(n)
Notice that is a partial order. ) Let G be one of the finite classical groups: SL n (q) with n 2, SU n (q) with n 3, Sp n (q) with n 4 and n even, Ω n (q) with n 7 and n odd, and Ω ± n (q) with n 8 and n even.
Assume that the base field of G has odd order q, and V is the natural module for G. Then M is a maximal subgroup of odd index of G if
2 one of the following statements holds:
, where σ is a field automorphism of odd prime order of G. 
. . ,k, except for the case, when V is an orthogonal space, k = 2 and, up to renumbering, dim(V 1 ) = n − 1, dim(V 2 ) = 1, and i = 1. In this exceptional case one of the following statements holds: (q) .
Assume that n is odd. Let K be an algebraic closure of F q , L = SO n (K ) a simple linear algebraic group (the group of orthogonal matrices of determinant 1), O n (K ) a group of all orthogonal matrices.
Assume that σ is a Frobenius map of L, i.e., a surjective endomorphism such that the set of σ -stable
G| is equal to 2 (recall that q is odd) and L σ = SO n (q) is generated by L and a diagonal automorphism.
Let V be the natural module for L. Consider all these cases separately.
Assume that either PH PSL 2 (q 
. Clearly K is not isomorphic to a subgroup of H . P As a corollary to Lemmas 2.1(e) and 3.1 we obtain the following lemma. 
) and all subgroups of this type are conjugate in G.
Proof. In view of [20] and Theorem 2.10(a), (c), (h), (u) we obtain that either 
, and all subgroups of this type are conjugate in G; Proof. In view of Theorem 2.10(a), (b), (c), (f), (g), (q), (r), (s), (t) we obtain that M satisfies one of the following statements: 4 and all subgroups of this type are conjugate in G;
. [4] , and all subgroups of this type are conjugate in G; 
Proof. We proceed by induction on dim(V ). If dim(V ) 2 we have nothing to prove. Assume that dim(V ) > 2. Since p = 2, it follows that G/Z (G) has a simple socle, and G induces inner-diagonal automorphisms on this socle. In view of the main theorem from [20] (see also Theorem 2.10) we obtain one of the following cases.
(1) V is unitary, q = 5, n = 3, and
(2) V is symplectic, n = 4, and H M, where M is a maximal subgroup of odd index, satisfying Lemma 3.3(c).
(3) V is a linear or a unitary space, n = 4, and 
Thus statement (b) of the lemma holds in this case. (4) We may assume that q 0 is the minimal possible number with H I(V 0 ). Since |H| is coprime to p, then H is a proper subgroup of M ∩ G. Hence for H , V 0 either case (5) or case (6) holds. By using natural embeddings F q 0 F q and V 0 V we obtain that for H , V either case (5) or case (6) holds.
(5) In this case there exists a subspace W
, then the existence follows from Maschke Theorem, while in the remaining cases we can take 
(V ) G GL η (V ). Suppose also that H is a π -Hall subgroup of G, and H stabilizes a decomposition
V = V 1 ⊥ · · · ⊥ V m ⊥ U 1 ⊥ · · · ⊥ U k into a direct sum of pairwise orthogonal nondegenerate (arbitrary if V is linear) subspaces such that dim(V i ) = 2 for i = 1, . . . ,m and dim(U j ) = 1 for j = 1, .
. . ,k, and the decomposition cannot be refined. Then one of the following statements holds:
Since H contains a Sylow 2-subgroup and a Sylow 3-subgroup of G, the identities |G : L| 2 = |G :
In this case |M : L| = q − η and, by using Corollaries 2.7 and 2.8, we obtain the following identities
Assume first that q ≡ η (mod 3). We have
Hence m 1 in this case. If m = 1, then 
Since we have a strict inequality, it follows that (k!) 2 
Since |G :
, and statement (e) of the lemma holds.
Now assume that q ≡ −η (mod 3). Then
We have that ((m + 2)!) 3 3(m!) 3 3, which is impossible. If k = 3, then |G : 
5 Notice that, in view of Lemma 3.1, the conditions GL
has at most two orbits. 
(the last inequality is true, since k(k − 1) ≡ 0 (mod 4)), we obtain a contradiction with |G| r = |Sym k | r .
Thus there does not exist a π -Hall subgroup satisfying statement (e) of Lemma 4.2.
(B) In view of Lemma 3.1, we may assume that n > 2. If statement (d) holds, then it is easy to check that H is a π -Hall subgroup of G.
By [19] , it follows that there always exists a subgroup M with the structure described in statements (b), (c), and (e) of the lemma. Namely, M is the stabilizer in G of a decomposition Tables 3.5A, 3 .5B, and 3.5C], it also follows that the stabilizers of decompositions with the same numbers m and k are conjugate in G.
Assume that one of statements (b), (c), and (e) of the lemma holds. The subgroup M of G is obtained as the intersection L ∩ G, where L is specified in the corresponding statements. In order to prove that G ∈ E π , it is sufficient to show that |GL
is a π -Hall subgroup of G. Notice also that the identity |GL η n (q) : L| π = 1 and the condition L ∈ E π imply |G : M| π = 1 and M ∈ E π . Now we consider statements (b), (c), and (e) separately.
Suppose statement (b) of the lemma holds. In this case, L = GL η 1 (q) Sym n = (q − η) Sym n . Assume first that q ≡ η (mod 12). Then, for every r ∈ π(q − η), Lemma 
, and H 2 /T H 2 is a π -group. By Lemma 2.1(e) we obtain that H 2 ∈ E π . Since |L : H 2 | π = |Sym n : 5 . By Lemma 2.1(e), we obtain that H 2 ∈ E π . Since |L :
Suppose finally that statement (e) of the lemma holds. Then
, 3}, and n = 11. We have
By Corollaries 2.7 and 2.8, we obtain that 
3). All π -Hall subgroups of this type are conjugate in G.
subgroups of this type are conjugate in G. 
of this type are conjugate in G. 
, whence the decomposition in statement (f).
Suppose n = 4 and η = −. We have that Ω (O 1 (q) S 6 ) ∩ Ω η 6 (q), whence the decomposition of V in statement (v). P
Hall subgroups in orthogonal groups
In this section we say that a hypothesis ( ) is true, if the following statements hold:
(1) V is a vector space with a nondegenerate symmetric bilinear form over a field F q of odd characteristic p;
(2) ε = ε(q); (3) π is a set of primes such that 2, 3 ∈ π , and p / ∈ π ;
(6) V , G, and H do not satisfy the following statements: Proof. If n 4, we have nothing to prove. If n = 5 or n = 6, then the claim follows from Lemma 5.1. So we may assume n 7. Since p / ∈ π , we obtain that H = G. Hence H is included in a maximal subgroup M of odd index of G. In view of [20] we obtain that one of the following statements holds:
, q is prime and q ≡ ±3 (mod 8) .
, q is prime and q ≡ ±3 (mod 8).
(4) M is the stabilizer of a non-singular subspace.
Now we consider all statements separately.
(1) As in the proof of Lemma 4.1 we obtain the statement of the lemma by induction on q. 
which cannot be refined. All subspaces V i in decomposition (3) 
For brevity we write η(k, δ) and 
and η(V ) = ε.
Consider the case t odd first. We set m = (t − 1)/2 for brevity. Then 
Since the last inequality is strict, it follows that 
2m−6 (q) . [4] .
In the first case, we have
.
Consider the 3-part of this index: 
i.e., we must have m ≡ 2 (mod 4) and η = −ε in this case. Since η = −ε m , it follows that
, we can apply the same arguments as for V . In particular, we Hence, the previous statements imply that one of the following cases occurs:
As in the proof of statement (e) one can show that the last case is impossible. P Lemma 6.4. Suppose ( ) holds, dim(V ) 7 , and the decomposition (3) of V cannot be refined. Assume also that either d (4, 
Proof. Assume that (k, δ) ∈ {(1, •), (4, +)}. Since dim(V ) 7, Lemmas 2.11 and 6.3 imply that G(k, δ) = I (V (k, δ) ) SO (V (k, δ) ). The Proof. Assume to the contrary that q ≡ −ε (mod s), in particular s is odd. Lemma 6.5 implies that
We also have that
Consider the case t = 1. Then dim(W ) = 2. By Lemma 6.5 it follows that one of the following statements holds.
(1) dim(U ) = 5, dim(W ) = 2, and dim(V ) = 7. 12) , and 12) , and (q (2) given in [4] or [35] we obtain that it has precisely one irreducible complex representation of degree 7, while 2.Ω 7 (2) We first prove Theorem 1.1 in the particular case 2, 3 ∈ π and G = S. Proof. We may assume that S is nonabelian and S ∈ E π . Consider all nonabelian finite simple E π -groups with 2, 3 ∈ π . If S Alt n , then the claim follows from Lemma 2.3. In sporadic groups all proper π -Hall subgroups with 2, 3 ∈ π are found in [23, Theorem 4.1] and are given in Table 1 . By using [4] , it is easy to check that k π (S) 2 in this case.
If S is a finite group of Lie type with the base field of characteristic p / ∈ π , then the claim fol- 
